Here we report the creation and observation of acoustic vortices of fractional order. Whilst integer orders are known to produce axisymmetric acoustic fields, fractional orders are shown to break this symmetry and produce vast array of unexplored field patterns, typically exhibiting multiple closely-spaced phase singularities. Here, fractional acoustic vortices are created by emitting ultrasonic waves from an annular array of sources using multiple ramps of phase-delay around its circumference. Acoustic radiation force patterns, including multiple concentration points, short straight lines, triangles, squares and discontinuous circles are simulated and experimentally observed.
Introduction. -Since 1974, waves with helicoidal wavefronts have attracted increasing interest in the fields of acoustics [1] , optics [2] and quantum mechanics [3] . These waves are usually called vortices, characterized by an azimuthal, θ phase dependence of the form im e θ − , where the integer m is the order or topological charge of the helicoidal beam and this encodes the angular rotation rate of the wavefront. These vortices possess orbital angular momentum, a central zero/low intensity phase singular point and have found application in trapping and rotating of microparticles [4] [5] [6] [7] [8] [9] as well as in communications [10, 11] .
Recently, vortices with fractional (i.e. non-integer) orders have been explored in the optical field [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . The axis-symmetry of intensity found in integer-order optical vortices is broken for non-integer orders and a low-intensity radial strip has been observed. This low-intensity strip has been proposed as a channel for radially transferring particles into and out of the vortex core [13] . Additionally, fine adjustment of the order of optical vortices has been suggested as a means of controlling the orbital angular momentum [17] . Compared with optical vortices, acoustic vortices can provide larger torques [7] [8] [9] and higher trapping forces [22] [23] [24] to various matter with no limitation on their electromagnetic properties. However, despite the potential advantages of acoustics in some applications, the acoustic counterparts of various optical phenomena, such as fractional vortices and knots [25] have yet to be explored.
In this paper, we employ an annular array consisting of 64 ultrasonic sources to create two-dimensional fractional acoustic vortices and experimentally observe their ability to pattern microparticles. Modeling using finite element analysis is also used to simulate the acoustic pressure field in the device and hence understand the resultant acoustic radiation force distributions. Both simulated and experimental results are used to track and characterize the evolution of the acoustic radiation force patterns as a function of the fractional order. 3 Experimental and simulation methods. - Figure 1 shows a schematic diagram of the annular array [24] , which consists of 64 individually addressable piezoelectric sources arranged at a pitch of 0.54 mm around a ring with a radius, R = 5.49 mm. The inner surface of the sources is coated with a quarter-wavelength matching layer and the outer surface with a matched absorbing layer which together minimize the reflection of acoustic waves from the boundaries of the internal fluid-filled chamber. The central volume is filled with a mixture of degassed water and microparticles and sealed top and bottom with two thin glass coverslips to produce a cylindrical chamber, which has a height of 2 mm.
In this study, sinusoidal signals with frequency of 2.4 MHz and peak to peak voltage of 25 V are supplied to the individually addressable piezoelectric elements causing them to emit ultrasonic waves. The corresponding wavelength, λ, of the ultrasonic waves in the water is 620 µm. The phase delay for the nth element is given by
where N is the number of active elements, G the number of groups, m the vortex order. The operator mod( , ) denotes the operation of modulus after division (or modulo). Note that N = 64 when G = 1, 2, 4 and N = 63 when G = 3. We which is filled with a water and particle mixture. 4 observe the central chamber from the z-direction with a microscope and use household flour microparticles with diameters ranging from 1 µm to 20 µm [26], a density of 1.47×10 3 kg/m 3 [27] and a sound speed of 2.3×10 3 m/s [28] to visualize the acoustic radiation force field. The microscope, which has a depth of field of 40 µm, is focused midway between the top and bottom coverslips and images are taken before the particles have settled.
A two-dimensional acoustic simulation (in the x-y plane shown in fig. 1 ) of the 64-source array is built using finite element analysis (COMSOL Multiphysics, Acoustics module) and used to calculate the acoustic pressure, p, and particle velocity, v, within the central chamber. The force on spherical particles is given by F U = −∇ , where U is the Gor'kov potential which can be calculated from the simulated pressure and particle velocity as [29] , ( )
where a is the radius of the spherical particle, Results and discussion. -In the first experimental case, all 64 sources are operated as a single group, i.e., G = 1.
The phase delay from the first source to the last source linearly increases to 2mπ with a phase increment of 2mπ/64 between neighboring elements as per eq. (1). In fig. 2 the previously observed family of Bessel-shaped patterns [30, 31] , are seen for integer orders (m = 0, 1 and 2). As expected, the central trap of the first-order Bessel-shaped vortex is small, which is ideal for manipulating single microparticles [24] . The central trap of the second-order
Bessel vortex is larger than that of the first-order and its center is no longer a Gor'kov potential minimum.
Experimentally we observe two distinct clusters within this central region, which we believe is due to small source 5 output differences breaking the expected axis-symmetry. Figure 2 also shows the non-integer orders m = 0.6, 1.6 and 2.6, and these exhibit clear asymmetry. In particular, strips oriented in the x-direction, can be observed along which the trapping circles are discontinuous. This phenomena is analogous to the low-intensity radial gaps seen in the cross-sections of fractional optical vortices [13, 15, 16, 19] and is caused by the presence of localized phase discontinuities. In addition to this force discontinuity we also observe a subtle evolution of the shape of the trap center: a short dash when m = 0.6, a dash and point when distance between these two traps is less than one wavelength and can be tuned by changing m. We later show that this effect can be used to manipulate two particles (or distinct clusters) separated by less than one wavelength. Our observations show that in an m = 0.6 vortex, the two trapped clusters of flour microparticles spin rapidly in the same direction (See Supplementary Video [32] ), suggesting that orbital angular momentum accompanies these fractional acoustic vortices [33] [34] [35] .
G= 3 is explored by dividing 63 sources into 3 groups (the 64th element is turned off). As previously, each group is excited using a linear phase ramp according to eq. (1). As shown in fig. 3(b) , the trap patterns for G = 3 vortices have a rotational symmetry of order 3. A triangular central trapping pattern is found when 0.5 < m < 1 and the size of the triangle can be tuned by changing m. Figure 3 Controlled approach of two microparticles. -As a demonstration of the possible application of fractional order vortices, we use the G = 2 patterns shown in fig. 3 (a) to manipulate two 90-µm-diameter polystyrene microparticles (Bang Laboratories ltd) with a density of 1.062×10 3 kg/m 3 and a sound speed of 2.4×10 3 m/s. Figure 4(a) shows the two microparticles trapped in the two central Gor'kov potential minima when the vortex order is increased from m = 0.4 towards unity. As the order increases so the distance between the two microparticles varies from 430 µm (0.7λ) to180 µm (0.3λ). Also shown in Fig 4(a) is the simulated phase distribution, from which it can be seen that the particles are trapped at two screw phase singularities which approach as m increases from 0.4 towards unity. In essence the fractional order vortex has created multiple local vortices. Figure 4 (b) shows that minima in the 8 simulated Gor'kov potential are co-located with the phase singularities and the gradient around these minima reduces with increasing m, making the traps less stiff (i.e. the traps become less effective). Figure 4 (c) shows a comparison between the location of the Gor'kov potential minima from the simulation and the observed location of the polystyrene microparticles. The agreement between simulation and experiment is generally good and it can be seen that the closest approach of the particles is 180 µm (equal to 0.3λ or 2×particle diameter). The small difference between the simulation and experimental curves could be because no secondary scattering was considered in the model. This achieved closest approach is a significant improvement on that possible with one-and two-dimensional orthogonal standing waves (λ/2) [36, 37] and the method of superposition of two first-order Bessel-shaped acoustic vortices (theoretically L > 0.6λ and experimentally L ≥ 0.7λ) [24] .
Conclusions. -In summary, two-dimensional fractional acoustic vortices have been generated using a 64-source Priming Grant from University of Bristol. We are grateful to B. Wei for his consistent support.
